Abstract. We show that an outer action of a finite, abelian group on a unital, simple, purely infinite graph C * -algebra is strongly approximately inner in the sense of Izumi if the action is given by diagonal quasi-free automorphisms and the graph is strongly connected aperiodic. This is achieved by a cohomology vanishing-type argument for the canonical shift restricted to the relative commutant of the set of vertex projections in the fixed point algebra.
Introduction
Ever since their inception, Cuntz-Krieger algebras [10, 14] and graph C * -algebras [23] form natural classes of nuclear C * -algebras satisfying the UCT [33, 22] that keep attracting much attention. One compelling feature is that many structural properties of graph C * -algebras have natural characterisations in terms of the graph. Notably, this feature enables the classification of these C * -algebras in graph theoretic terms, which has recently been completed in the case of unital graph C * -algebras by Eilers-Restorff-RuizSørensen; see [11] . We refer to their work for a detailed historical exposition of the classification of graph algebras and to [29] for a general introduction to graph C * -algebras. This paper deals with actions of finite, abelian groups on unital graph C * -algebras by quasi-free automorphisms in the sense of [38] or [13] . This class of automorphisms contains the ones induced by graph automorphisms, as well as automorphisms for which each of the canonical partial isometries is an eigenvector. The latter ones fall into the class of diagonal quasi-free automorphisms, as they fix all vertex projections.
Every action by diagonal quasi-free automorphisms is conjugate to one that is given by automorphisms for which the canonical partial isometries are eigenvectors; see Proposition 1.152). In particular, diagonal quasi-free automorphisms are always homomotopic to the identity. Therefore they are approximately inner, provided the graph C * -algebra is simple, purely infinite, and thus a Kirchberg algebra by [22, 28] . This is in contrast to automorphisms induced by graph automorphisms acting non-trivially on the set of vertices. In general, such automorphisms act non-trivially on the K 0 -group of the graph C * -algebra, as it is generated by the classes of its vertex projections; see [9, 27, 24] .
One might now ask the following question.
Question. Is every outer action of a finite, abelian group by outer diagonal quasi-free automorphisms on a unital, simple, purely infinite graph C * -algebra strongly approximately inner in the sense of Izumi [16] ?
Strong approximate innerness requires that unitaries witnessing approximate innerness can be chosen to lie in the fixed point algebra of the action. If the unitaries can in addition be chosen to give rise to (approximate) group representations, then the action is called approximately representable. Although in general different, these notions coincide if the action absorbs the trivial action on a suitable UHF algebra; see [16] and [34] .
On the one hand, the key feature of these technically looking properties is the duality between approximate representability and the Rokhlin property. As illustrated beautifully by Izumi [16, 17] , this relationship paired with the rigid nature of Rokhlin actions make approximately representable actions particularly accessible to classification via their duals. For strongly approximately inner actions of cyclic groups of prime power order on O 2 , this perspective was successfully exploited by Izumi, and was even accompanied by a complete range result.
On the other hand, models for actions with the Rokhlin property such as in [2] together with Takai duality [36] can be used to infer models or structural properties for approximately representable actions. Along these lines, a characterization of the UCT for the fixed point algebra associated to a M n ∞ -absorbing action α : Z n A on a unital UCT Kirchberg algebra has recently been shown by the first author in joint work with Xin Li; see [1] . More concretely, A α satisfies the UCT if and only if there exists an inverse semigroup of α-homogeneous partial isometries S ⊂ A 1 such that S generates A as a C * -algebra and the projections in S generate a Cartan subalgebra of A in the sense of Renault [30] .
Restricted to graph C * -algebras, our question above therefore raises the issue to which extend the latter condition already implies approximate representabilty. Indeed, the canonical partial isometries of a graph C * -algebra generate an inverse semigroup whose projections in turn generate an abelian C * -subalgebra. It is a Cartan subalgebra precisely when the graph satisfies Condition (L) (see [30] and [23] ), which in particular applies if the graph C * -algebra is simple; see [35] .
Our main result asserts that the above question indeed has an affirmatively answer if the graph is strongly connected aperiodic; see Definition 1.2.
Theorem (see Corollary 2.7). Let E = (E 0 , E 1 , r, s) be a finite graph that contains at least two edges. Denote by C * (E) the corresponding graph C * -algebra. Let G be a finite, abelian group and σ : G C * (E) be an action by diagonal quasi-free automorphisms. Assume that E is strongly connected aperiodic. If σ is outer, then it is strongly approximately inner.
This generalizes Izumi's result [16, Proposition 5.6(2)] for Cuntz algebras. The argument in his work is a variant of Rørdam's proof [31] that unital endomorphisms of Cuntz algebras are approximately inner. A crucial ingredient therein is the Rokhlin property of the one-sided tensorial shift on the CAR algebra; see [5] . In the proof, this is used to derive a cohomology vanishing-type result for the canonical endomorphism restricted to the fixed point algebra of the canonical UHF subalgebra. Strong approximate innerness of the quasi-free action is then derived from the well-known bijective correspondence between unitaries and unital endomorphisms of Cuntz algebras; see [8] .
Our approach is of a similar nature. Although less striking than it is for Cuntz algebras, there is still a close connection between certain unitaries and unital endomorphisms of C * -algebras associated with finite graphs; see [38] and [7] . In particular, one can associate to each diagonal quasi-free automorphism a unique unitary so that it is induced by right multiplication with the canonical partial isometries. The shift map of a graph C * -algebra commutes with any given action by diagonal quasi-free automorphisms for which the canonical partial isometries are eigenvectors. In general, this map may only be a completely positive map, but it restricts to a * -homomorphism on the relative commutant of the vertex projections inside the fixed point algebra of the action. This resulting endomorphism is unital and injective if the graph has no sinks or sources; see [7] . As it is a priori unclear whether this endomorphism has the Rokhlin property (in the sense of [6] or [32] ), our approach deviates at this point from Izumi's original approach and instead considers the dilation of the shift map to an automorphism in the sense of [25] . Strong connectedness and aperiodicity of the graph enter the game here to make sure that the dilated C * -algebra is a unital Kirchberg algebra and the automorphism is aperiodic, provided that the action is outer; see Lemma 2.2 and [21, 18, 37] . A classical theorem of Nakamura [26] then yields that this automorphism has the Rokhlin property. As the dilated system embeds into the ultrapower of the shift endomorphism, a modified cohomology vanishing-type technique for the unitaries associated with the action can be performed. Strong approximate innerness of the involved automorphisms then follows by going back from unitaries to unital endomorphisms. In fact, a technically more involved argument yields strong approximate innerness for an a priori larger class of actions; see Theorem 2.6.
A consequence of our main result and Izumi's classification result [17] is that outer actions of cyclic groups with prime power order by diagonal quasi-free automorphisms on graph C * -algebra isomorphic to O 2 are classified in terms of their fixed point algebras and some additional information about their dual actions. In particular this holds for any (possibly nonstandard) identification of O 2 with a graph C * -algebra. Using KirchbergPhillips classification [19, 28] , this simplifies as follows in the case of order two automorphisms.
Corollary (see Corollary 2.8). Let E, F be finite graphs that both contain at least two edges. Let α : Z 2 C * (E) and β : Z 2 C * (F ) be two actions by diagonal quasi-free automorphisms. Assume that E and F are strongly connected aperiodic such that Acknowledgement. Substantial parts of this work were carried out during a research visit of the second author to the University of Southern Denmark in January 2017 and during a research visit of the first author to the University of Aberdeen in July 2017. The authors are grateful to both institutions for their hospitality and support. The first author would like to thank Wojciech Szymański for inspiring discussions on endomorphisms of graph C * -algebras and Rokhlin-type properties for endomorphisms.
Preliminaries
We first recall some notions and definitions on finite graphs. Definition 1.1. A finite graph E is a quadruple E = (E 0 , E 1 , r, s) where E 0 and E 1 are finite sets, and r, s : E 0 → E 1 are maps. The elements of E 0 are called vertices, the elements of E 1 are edges and r and s are called the range and source map, respectively.
A path µ (of length n ≥ 1) is a finite sequence of edges µ = e 0 e 1 . . . e n with r(e i ) = s(e i+1 ) for i = 0, . . . , n − 1. We define source and range of µ by s(µ) = s(e 0 ) and r(µ) = r(e n ). We denote by E n the set of paths of length n and define E * = ∪ n∈N E n . Note that edges are exactly paths of length one.
A cycle is a path µ such that s(µ) = r(µ). A cycle of length one is called a loop. We say that a cycle µ = e 0 . . . e n has an exit if there exists some k ∈ {0, . . . , n} and some edge f ∈ E 1 such that s(f ) = s(e k ) and f = e k .
A vertex v ∈ E 0 is called a source if r −1 (v) = ∅ and a sink if
is called strongly connected if for all v, w ∈ E 0 there exists a path µ with s(µ) = v and r(µ) = w. A strongly connected finite graph E = (E 0 , E 1 , r, s) is called aperiodic if there exists some k ≥ 1 such that for all v, w ∈ E 0 there exists some path µ of length k with s(µ) = v and r(µ) = w.
We can now recall the definition of a graph C * -algebra [23] . We remark that we follow the convention of [15] . Definition 1.3. Let E = (E 0 , E 1 , r, s) be a finite graph. The graph C * -algebra C * (E) is the universal C * -algebra generated by a family of mutually orthogonal projections p v : v ∈ E 0 and a family of partial isometries s e : e ∈ E 1 subject to the relations (i) s * e s f = 0 if e = f ; (ii) p r(e) = s * e s e for all e ∈ E 1 ; (iii) s e s * e ≤ p s(e) for all e ∈ E 1 ; (iv)
s e s * e = p v whenever v ∈ E 0 is not a sink.
We will typically be dealing with graphs without sinks and sources, in which case 1.3(iv) is satisfied for all vertices.
. . e n is a path in a graph E, then we set s µ = s e 0 . . . s en ∈ C * (E), which is known to be a non-trivial partial isometry. Remark 1.5. Let E = (E 0 , E 1 , r, s) be a finite graph and µ a path in E. Given a non-zero x ∈ C * (E), s µ xs * µ = 0 if and only if p s(µ) xp s(µ) = 0. If µ has length one this is clear as s * e s e = p s(e) . If µ = e 0 . . . e n with n ≥ 1, then denote by ν = e 1 . . . e n . By 1.3(iii),
The claim now follows by induction over the path-length. Remark 1.6. A Cuntz-Krieger algebra (see [10] ) associated with a finite {0, 1}-matrix A with no zero rows or columns is naturally isomorphic to the graph C * -algebra associated with the finite graph E whose adjacency matrix equals A. This graph E is unique up to isomorphism. Furthermore, Cuntz-Krieger algebras are exactly those graph C * -algebras arising from finite graphs without sinks and sources; see [12] . Theorem 1.7 ([22, Proposition 2.6]). For any finite graph E, the graph C * -algebra C * (E) is a unital, separable, nuclear C * -algebra in the UCT class, where the unit is given as 1 = v∈E 0 p v .
It is a remarkable feature of graph C * -algebras that many of their properties can actually be read off the graphs. Simplicity and pure infiniteness are important ones among such properties. Before we state this characterization, we need the following definition. Definition 1.8. Let E = (E 0 , E 1 , r, s) be a finite graph. For v ∈ E 0 , one defines the hereditary subset H 0 (v) of E 0 generated by v as the union of {v} with the set of all vertices w ∈ E 0 for which there exists a path µ with s(µ) = v and r(µ) = w. Inductively, if H n (v) is already defined, set H n+1 (v) as the union of H n (v) with
The saturation of the hereditary subset generated by v is defined as Theorem 1.9. Let E = (E 0 , E 1 , r, s) be a finite graph. The graph C * -algebra C * (E) is simple if and only if for every vertex v ∈ E 0 , one has H(v) = E 0 and every cycle has an entry. It is simple and purely infinite if and only if, in addition, E admits a cycle. Otherwise it is an AF algebra.
As E is strongly connected, it admits cycles and every loop has an exit. Assume that µ = e 0 . . . e n is a cycle without exit. Then n ≥ 1 and we conclude that the length of any path from e 0 to e 0 must be a multiple of n. As E is strongly connected and aperiodic, we find some k ≥ 1 such that for any two vertices in v, w ∈ E 0 there is a path of length k from v to w. Using again that E is strongly connected, we conclude that for any ℓ ≥ k, we can find a path of length ℓ from v to w. In particular, there exists some m ≥ 1 and a path from e 0 to e 0 of length mn + 1. This is a contradiction and shows that every cycle must have an exit. The claim now follows from Theorem 1.9. Remark 1.11. Let A be {0, 1}-valued matrix of size n ≥ 2. If A is aperiodic, i.e., there exists k ≥ 1 such that all entries of A k are positive, then the associated Cuntz-Krieger algebra is simple and purely infinite. This follows by combining Remark 1.6 with Corollary 1.10.
As shown in [8] , there exists a canonical bijective correspondence between unital endomorphisms and unitaries of the Cuntz algebra O n for finite n ≥ 2. A similar result was obtained in [38] for certain Cuntz-Krieger-Pimsner algebras including simple Cuntz-Krieger algebras. In this work, we are mainly concerned with unital endomorphisms of graph C * -algebras that fix all vertex projections. For such endomorphisms the following result holds. Proposition 1.12 (see [7] ). Let E be a finite graph without sinks. For any unitary u ∈ U (C * (E)) ∩ p v : v ∈ E 1 ′ , there exists a unique unital endomorphism λ u of C * (E) such that λ u (p v ) = p v and λ u (s e ) = us e for all v ∈ E 0 and e ∈ E 1 . Conversely, if σ : C * (E) → C * (E) is a unital endomorphism such that σ(p v ) = p v for all v ∈ E 0 , then u σ = e∈E 1 σ(s e )s * e is a unitary in U (C * (E)) ∩ p v : v ∈ E 1 ′ . These assignments are inverse to each other and continuous with respect to the norm and the point-norm topology, respectively. Remark 1.13. It follows from Proposition 1.12 that given two unital endomorphisms ρ, σ : C * (E) → C * (E) fixing all vertex projections, the associated unitaries satisfy the convolution formula u σ•ρ = σ(u ρ )u σ . In particular, for any n ≥ 1, one has σ n = id precisely when σ n−1 (u σ ) . . . σ(u σ )u σ = 1. Definition 1.14 (cf. [38] ). Let E be a finite graph with no sinks or sources. An automorphism σ ∈ Aut(C * (E)) is said to be quasi-free if σ( p v : v ∈ E 0 ) = p v : v ∈ E 0 and σ(span s e : e ∈ E 1 ) = span s e : e ∈ E 1 .
If in addition
The following characterization of diagonal quasi-free automorphisms of graph algebras is certainly known to experts, and partly contained in [7] . For the reader's convenience, we give a proof here. Proposition 1.15. Let E be a finite graph with no sinks or sources. Consider the finite dimensional C * -subalgebra B = span s e s * f : e, f ∈ E 1 of C * (E). Then the following assertions hold:
1) The bijective map in Proposition 1.12 restricts to a group isomorphism between the subset of diagonal quasi-free automorphisms and
Let G be an abelian group. Then every action σ : G C * (E) by diagonal quasi-free automorphisms is conjugate to an action ρ : G C * (E) with the property that for all g ∈ G and e ∈ E 1 there exists some η g,e ∈ T such that ρ g (s e ) = η g,e s e .
Proof. 1): Let u, w ∈ U (B) ∩ p v : v ∈ E 0 ′ . Using that λ u (w) = uwu * , one computes for e ∈ E 1 that λ u λ w (s e ) = λ u (w)us e = uwu * us e = uws e .
Hence, λ uw = λ u λ w . By taking w = u * , it follows in particular that λ u is an automorphism. Moreover, if u = e,f ∈E 1 η e,f s e s * f , then
This shows that λ u is quasi-free and diagonal. On the other hand, it is clear that u σ ∈ U (B) ∩ p v : v ∈ E 0 ′ if σ ∈ Aut(C * (E)) is quasi-free and diagonal.
2): Let σ : G C * (E) be an action of an abelian group by diagonal quasifree automorphisms. By 1), we find a unitary representation u :
As G is abelian, u maps into some MASA of the finite dimensional C * -algebra B ∩ p v : v ∈ E 0 ′ . Note that span s e s * e : e ∈ E 1 is a MASA in this C * -algebra, as we impose that E has no sinks or sources. Using that every two MASAs in a finite dimensional C * -algebra are unitarily conjugate, we find some unitary w ∈ U (B) ∩ p v : v ∈ E 0 ′ such that wu(g)w * ∈ span s e s * e : e ∈ E 1 for all g ∈ G.
Let ρ : G C * (E) be the action given by ρ g = λ wu(g)w * . One checks that for g ∈ G and e ∈ E 1 one indeed has that ρ g (s e ) = η g,e s e for some η g,e ∈ T. Furthermore, it follows from 1) that λ w σ g λ −1 w = ρ g for all g ∈ G. This finishes the proof.
Main results
Notation 2.1. We call an automorphism α on a unital C * -algebra A aperiodic if α k is outer for all k = 0.
For a free filter ω ∈ βN, we denote the (ω)-sequence algebra of A by
If ω ∞ is the Fréchet filter, we simply write A ∞ = A ω∞ . There is a canonical embedding of A into A ω by (representatives) of constant sequences. Any endomorphism ψ : A → A induces endomorphisms ψ ω : A ω → A ω and ψ ∞ : A ∞ → A ∞ . These assignments are functorial, so that any discrete group action α : G A induces group actions α ∞ and α ω on A ∞ and A ω , respectively. Proposition 2.2. Let A be a unital C * -algebra and ψ : A → A be a unital and injective * -homomorphism. Let
denote its dilation to a * -automorphism; see [25] . If ψ is not surjective, then ψ is aperiodic.
Proof. By the standard construction of the inductive limit, B arises as the closure of the * -algebra
and on this dense subset the * -endomorphismψ coincides with ψ ∞ . Here the notation indicates that we only consider the tail of a representing sequence, which makes sense by definition of A ∞ . Supposeψ k = Ad(v) for some unitary v ∈ B and k ≥ 1. By the definition of B, we can find a unitary 2 u ∈ A and ℓ ≥ 1 such that v −ū < 1/2, wherē
Without loss of generality, let us assume ℓ = 1 here. Let a ∈ A with a ≤ 1 and writeā = [(ψ n−1 (a)) n≥1 ] ∈ A ∞ . We use that ψ is injective and calculate
Hence, Ad(u * ) • ψ k has distance less than one in the operator norm to the identity operator on A. As the algebra of bounded linear operator on A equipped with the operator norm forms a Banach algebra, it follows that Ad(u * ) • ψ k is invertible. Thus, ψ k is invertible and consequently ψ must be surjective. This contradicts our assumption and the proof is complete.
Remark 2.3. For a finite graph E, there exists a canonical completely positive map ϕ : C * (E) → C * (E) given by ϕ(x) = e∈E 1 s e xs * e . It is unital if E has no sinks and faithful if E has no sources. Furthermore, it restricts to a * -endomorphism of C * (E) ∩ p v : v ∈ E 0 ′ . Lemma 2.4. Let E = (E 0 , E 1 , r, s) be a finite strongly connected aperiodic graph. Let C ⊂ C * (E) be a simple C * -subalgebra containing p v : v ∈ E 0 . Assume that ϕ(C) ⊂ C and that the restricted * -endomorphism
is not surjective. Denote its automorphic dilation by
Then B is a unital, simple C * -algebra andφ an aperiodic automorphism.
Proof. Using the conditions 1.3(i)-(iv), one computes that for r ≥ 1 and
As C contains all vertex projections p v for v ∈ E 0 , one has
Now let x ∈ C ∩ p v : v ∈ E 0 ′ be a non-zero element. As E does not have any sinks or sources, ϕ is injective by Remark 2.3. Using Remark 1.5, we therefore find v ∈ E 0 such that p v xp v = 0. For any r ≥ 1 and w ∈ E 0 we have
By Remark 1.5, this expression is non-zero precisely when there exists a path µ of length r such that s(µ) = w and r(µ) = v. As E is strongly connected and aperiodic, there exists some m 0 ≥ 1 such that for any w ∈ E 0 and m ≥ m 0 there exists some µ ∈ E m with s(µ) = w and r(µ) = v. Hence, 0 = p w ϕ m (p v xp v )p w ∈ p w Cp w for all w ∈ E 0 and m ≥ 1. As C is simple, p w ϕ m (p v xp v )p w ∈ p w Cp w is thus a full element for all w ∈ E 0 and m ≥ m 0 . Hence, ϕ m (x) is full in C ∩ p v : v ∈ E 0 ′ for any non-zero x ∈ C ∩ p v : v ∈ E 0 ′ and m ≥ m 0 . We conclude that B is simple. Aperiodicity ofφ follows immediately from Proposition 2.2.
Next comes the main technical result of this paper. Before we state it, we need the following definition due to Izumi. Definition 2.5 (see [16, Definition 3.6] ). Let G be a finite, abelian group. An action α : G A on a separable, unital C * -algebra is said to be strongly approximately inner if for each g ∈ G there exists a sequence of unitaries {u g,n : n ∈ N} ⊂ U (A α ) such that α g = lim n→∞ Ad(u g,n ). Theorem 2.6. Let E = (E 0 , E 1 , r, s) be a finite graph. Let G be a finite, abelian group and σ : G C * (E) be an action such that σ g (p v ) = p v for all g ∈ G and v ∈ E 0 . For g ∈ G, denote by u σg ∈ C * (E) ∩ p v : v ∈ E 0 ′ the unitary associated with σ g . Assume that E is strongly connected aperiodic. Assume furthermore that 1) ϕ k (u σg ) ∈ C * (E) σ for all g ∈ G and k ≥ 0; 2) there exists a simple, nuclear C * -subalgebra C ⊂ C * (E) σ such that ϕ(C) ⊂ C and the restricted * -endomorphism
is not surjective. If σ is outer, then it is strongly approximately inner.
Proof. Let g ∈ G. As u σg is fixed by σ g and σ n g = id for some n ≥ 1, it follows from Remark 1.13 that
From the equality
If x ∈ C * (E) σg and ϕ k (x) is fixed by σ g , then this yields [ϕ k (x), u g,k ] = 0. Using that ϕ(C) ⊂ C, this shows that for x ∈ C and 0 ≤ i ≤ k,
Thus, as u * g,i u g,i+j = ϕ i (u g,j ) for all i, j ∈ N, it follows that
Hence, u n g,k = 1 for all k ≥ 0 as u n σg = 1. Thus, each scalar in the spectrum of u g,k is an n-th root of unity.
Consider the automorphic dilation of ϕ on
By Lemma 2.4, B is a unital, simple, nuclear C * -algebra andφ an aperiodic automorphism on B. By the standard construction of the inductive limit, there exists a unital, injective and equivariant * -homomorphism
with the image being the closure of
Observe that
Let ω be a free ultrafilter on N. As C * (E) is unital, nuclear, simple and purely infinite by Theorem 1.7 and Corollary 1.10, it follows from [20, Proposition 3.4 ] that C * (E) ω ∩ C * (E) ′ is unital, purely infinite, simple. As σ is a pointwise outer action, so is σ ω ; see [26, proof of Lemma 2] . Hence, the fixed point algebra (C * (E) ω ∩ C * (E) ′ ) σω is unital, simple and purely infinite by [21, Theorem 3.1] and [18, Theorem 3] , and therefore admits a unital embedding of O ∞ . Note that ϕ ω acts trivially on C * (E) ω ∩ C * (E) ′ . A reindexation argument now shows the existence of a unital embedding
where ρ(B) ⊂ C * (E) ω denotes the image ofρ(B) under the canonical surjec-
Now B⊗O ∞ is a unital Kirchberg algebra andφ⊗id an aperiodic automorphism, so thatφ⊗id has the Rokhlin property by [26, Theorem 1] . For given r ≥ 1, it is thus possible to find projections e 0 , f 0 , . . . , e r−1 , f r−1 , f r ∈ D such that (e2.1)
ϕ ω (e i ) ≈ e i+1 and ϕ ω (f j ) ≈ f j+1 for all i = 0, . . . , r − 1 and j = 1, . . . , r, where we set e r = e 0 and
By a reindexation trick, we may actually find such elements in
satisfying the second property (e2.2) on the nose. Now fix g ∈ G. As u g,r and u g,r+1 have finite spectrum, we find continuous maps
g (0) = u g,r+1 and z Define unitaries
Then it follows from (e2.5) that
g,j i +1 ≤ 2π/r for all 0 ≤ j i ≤ r − 2 + i and i = 0, 1.
One computes that
Now let ε > 0 be given. By choosing r ∈ N so that 2π/r < ε, we may represent z g via unitaries and thus find a unitary
It is easy to check that Ad(w g ) = λ wgϕ(wg ) * , so that
This yields a sequence of unitaries {w g,n } n∈N ⊂ C * (E) σ ∩ p v : v ∈ E 0 ′ such that σ g = lim n→∞ Ad(w g,n ). The proof is complete.
Corollary 2.7. Let E = (E 0 , E 1 , r, s) be a finite graph. Let G be a finite, abelian group and σ : G C * (E) be an action by diagonal quasi-free automorphisms. Assume that E is strongly connected aperiodic and E 1 contains at least two different edges. If σ is outer, then it is strongly approximately inner.
Proof. By Proposition 1.152), we may assume that for each g ∈ G and e ∈ E 1 , there exists some η g,e ∈ T such that σ g (s e ) = η g,e s e . Then u σg = e∈E 1 η g,e s e s * e ∈ C * (E) σ ∩ p v : v ∈ E 0 ′ .
One checks that for each g ∈ G, σ g •ϕ = ϕ•σ g so that ϕ(C * (E) σ ) ⊂ C * (E) σ . Hence, ϕ restricts to a unital and injective * -homomorphism
Furthermore, as σ is outer, C * (E) σ is a unital Kirchberg algebra. The assumptions of Theorem 2.6 are thus satisfied, provided that ϕ is not surjective. Take two different edges e, f ∈ E 1 . As E is strongly connected, we find some r ≥ 1 and a path µ ∈ E r such that s(µ) = f and r(µ) = e. Suppose there exists x ∈ C * (E) such that ϕ(x) = s e s * e ∈ C * (E) σ ∩ p v : v ∈ E 0 ′ . Then ϕ m (x) = s e s * e for all m ≥ 1. On the other hand, using that s f s * f s µ s * µ = s µ s * µ , we compute
This is a contradiction and thus there exists no x ∈ C * (E) such that ϕ(x) = s e s * e . The proof is complete.
In combination with Izumi's classification theorem [16, Theorem 4 .6], we obtain from Corollary 2.7 that outer actions of cyclic groups with prime power order by diagonal quasi-free automorphisms on graph C * -algebra isomorphic to O 2 are classifiable in terms of their fixed point algebras and some additional information about their dual actions. In the case of Z 2 -actions, the latter information is not needed. We thus derive the following result.
Corollary 2.8. Let E, F be finite graphs such that E 1 and F 1 both contain at least two edges. Let α : Z 2 C * (E) and β : Z 2 C * (F ) be two actions by diagonal quasi-free automorphisms. Assume that E and F are strongly connected aperiodic such that C * (E) ∼ = O 2 ∼ = C * (F ). Assume furthermore that α and β are outer. [19, 28] .
